Deformed Hermitian Yang-Mills connections, extended gauge group and
  scalar curvature by Schlitzer, Enrico & Stoppa, Jacopo
ar
X
iv
:1
91
1.
10
85
2v
1 
 [m
ath
.D
G]
  2
5 N
ov
 20
19
DEFORMED HERMITIAN YANG-MILLS
CONNECTIONS, EXTENDED GAUGE GROUP
AND SCALAR CURVATURE
ENRICO SCHLITZER AND JACOPO STOPPA
Abstract. The deformed Hermitian Yang-Mills (dHYM) equation
is a special Lagrangian type condition in complex geometry. It re-
quires the complex analogue of the Lagrangian phase, defined for
Chern connections on holomorphic line bundles using a background
Ka¨hler metric, to be constant. In this paper we introduce and study
dHYM equations with variable Ka¨hler metric. These are coupled
equations involving both the Lagrangian phase and the radius func-
tion, at the same time. They are obtained by using the extended
gauge group to couple the moment map interpretation of dHYM con-
nections, due to Collins-Yau and mirror to Thomas’ moment map for
special Lagrangians, to the Donaldson-Fujiki picture of scalar curva-
ture as a moment map. As a consequence one expects that solutions
should satisfy a mixture of K-stability and Bridgeland-type stability.
In special limits, or in special cases, we recover the Ka¨hler-Yang-Mills
system of A´lvarez-Co´nsul, Garcia-Fernandez and Garc´ıa-Prada, and
the coupled Ka¨hler-Einstein equations of Hultgren-Witt Nystro¨m.
After establishing several general results we focus on the equations
and their large/small radius limits on abelian varieties, with a source
term, following ideas of Feng and Sze´kelyhidi.
1. Introduction
Let X be a compact n-dimensional Ka¨hler manifold, with a fixed
Ka¨hler form ω and a holomorphic line bundle L → X . For all Her-
mitian metrics h on the fibres of L, the integral
∫
X
(ω − F (h))n (where
F (h) ∈ A1,1(X,√−1R) denotes the curvature of the Chern connection
of h) only depends on [ω], c1(L). Assuming that it does not vanish, one
defines uniquely a phase e
√−1θˆ ∈ U(1) by requiring∫
X
(ω − F (h))n ∈ R>0e
√−1θˆ.
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Then we say that h satisfies the deformed Hermitian Yang-Mills (dHYM)
equation1 if
Im
(
e−
√−1θˆ(ω − F (h))n
)
= 0. (1.1)
The dHYM equation (which first appeared in the physics literature [23])
has attracted considerable recent interest as the B-model analogue of the
A-model special Lagrangian condition in homological mirror symmetry
(see e.g. [7, 6, 20, 22]). In this context one thinks of X as a holomorphic
submanifold (not necessarily proper) of an ambient Calabi-Yau M , with
a mirror Mˇ . A remarkable conjectural consequence of this picture is that
a solution of the dHYM equation should exist if and only if L satisfies
a suitable Bridgeland-type stability condition induced by ω. Collins,
Jacob and Yau [5, 7] prove precise results in this direction, which do not
depend on the ambient M . In particular they show that if L admits
a solution of the dHYM equation satisfying a suitable (“hypercritical
phase”) condition, and if one defines
ZV (L) = −
∫
V
e−
√−1ωch(L)
for all analytic subvarieties V ⊂ X , then ZV (L) always lies in the upper
half-plane and, when V ⊂ X is a proper subvariety, one has
ArgZV (L) > ArgZX(L). (1.2)
In practice, the dHYM equation is usually written in terms of the
Lagrangian phase operator, see e.g. [7] Section 2. Namely one introduces
the endomorphism of the tangent bundle given by ω−1
(√−1F (h)), with
(globally well-defined) eigenvalues λi. Then we have
(ω − F (h))n
ωn
=
n∏
i=1
(1 +
√−1λi)
= rω(h)e
√−1Θω(h),
where the radius function and Lagrangian phase operator are defined
(using the background metric ω) respectively as
rω(h) = rω
(√−1F (h)) = n∏
i=1
√
1 + λ2i ,
Θω(h) = Θω
(√−1F (h)) = n∑
i=1
arctan(λi).
1We write the equation following the sign convention of Collins-Yau [7], Section
2. It is important to note that in most references (1.1) corresponds to the dHYM
equation for the inverse line bundle L−1.
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The dHYM equation becomes
Θω(h) = θˆ mod 2pi.
In the present paper we introduce and study dHYM equations with
variable Ka¨hler metric. These involve both the Lagrangian phase and
the radius function, at the same time. The basic idea is that the radius
function should be used to couple the dHYM metric h to a variable
Ka¨hler metric ω. The equations we propose are{
Θω(h) = θˆ mod 2pi
s(ω)− αrω(h) = sˆ− αrˆ,
(1.3)
where s(ω), sˆ, rˆ denote the scalar curvature and its average, respectively
the average radius, and α > 0 is an arbitrary coupling constant. The
quantities sˆ, rˆ are fixed by cohomology, and in particular
rˆ =
1
n! Vol(M,ω)
∣∣∣∣∫
X
(ω − F (h))n
∣∣∣∣ .
Our coupled equations (1.3) are natural as they are obtained by lifting the
moment map interpretation of dHYM connections, due to Collins-Yau [7]
and mirror to Thomas’ moment map for special Lagrangians [25], to the
extended gauge group of bundle automorphisms covering Hamiltonian
symplectomorphisms (see Theorem 1). The well-known Donaldson-Fujiki
picture of scalar curvature as a moment map then allows coupling to
the underlying Ka¨hler metric, through the scalar (or, in special cases,
the Ricci) curvature (see Corollary 2 and Section 2.4). The resulting
moment map partial differential equations (1.3) describe special pairs
formed by a holomorphic line bundle L, regarded as a B-model object,
and a Ka¨hler class, and it is natural to expect that these should satisfy
a mixture of Bridgeland-type stability (as in [7], see e.g. the inequality
(1.2)), and K-stability (see e. g. [9]). In special limits, or in special cases,
we recover the very interesting systems introduced by A´lvarez-Co´nsul,
Garcia-Fernandez and Garc´ıa-Prada [2] (in the large radius limit, see
Proposition 7) and Hultgren-Witt Nystro¨m [17] (on complex surfaces,
see Section 2.4 and in particular Corollary 6).
The present paper introduces and studies the coupled equations (1.3)
from this moment map point of view. After establishing several general
results, in order to analyse a concrete case in more detail, we focus on the
equations and their large/small radius limits on abelian varieties, with a
source term, following ideas of Feng and Sze´kelyhidi [11]. In particular
we prove a priori estimates (see Propositions 9, 13) from which we can
deduce existence in some cases (see Theorems 10, 14, 15, 16). Our main
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results, together with the necessary background, are contained in Section
2.
Acknowledgements. We are very grateful to Tristan Collins and Mario
Garcia-Fernandez for important suggestions on this manuscript. We also
thank Alessandro Tomasiello and all the participants in the Ka¨hler ge-
ometry seminar at IGAP, Trieste.
2. Background and main results
2.1. Moment map description. Thomas [25] gave a moment map in-
terpretation of the special Lagrangian equation on submanifolds of Mˇ .
Mirror to this, there is a moment map description of the dHYM equation
(1.1), due to Collins and Yau, which in fact is intrinsic to X . Namely,
fixing a metric h as above, one considers the space A 1,1 of h-unitary in-
tegrable connections on L, endowed with the natural action of the gauge
group G of unitary bundle automorphisms of L covering the identity on
X , and the (nonstandard, nonlinear, possibly degenerate2) symplectic
form given at A ∈ A 1,1 by
ωdHYMA (a, b) = −
∫
X
a ∧ b ∧ Re
(
e−
√−1θˆ(ω − F (A))n−1
)
,
with a, b ∈ TAA 1,1 ⊂ A1(X,
√−1R). According to [7] Section 2 the
action of G on A 1,1 is Hamiltonian, with equivariant moment map at
A ∈ A 1,1, evaluated on ϕ ∈ Lie(G), given by
〈µG(A), ϕ〉 =
√−1
n
∫
X
ϕ Im
(
e−
√−1θˆ(ω − F (A))n
)
. (2.1)
A standard argument then shows that the dHYM equation (1.1) becomes
precisely the problem of finding zeroes of the moment map µG inside the
orbits of the complexified gauge group GC.
2.2. Lift to the extended gauge group. Fix a Hermitian metric h on
L as above. The extended gauge group G˜ of L consists of unitary bundle
automorphisms of (L, h) which cover a Hamiltonian symplectomorphism
of X , with respect to the fixed symplectic (in fact Ka¨hler) form ω. It
can be shown that G˜ fits into an exact sequence of infinite-dimensional
Lie groups
1→ G ι−→ G˜ p−−→ H → 1, (2.2)
whereH denotes the group of Hamiltonian symplectomorphisms of (X,ω).
2According to [7] Section 2, it is nondegenerate at least in an open neighbourhood
of a solution to the dHYM equation.
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As observed by A´lvarez-Co´nsul, Garcia-Fernandez and Garc´ıa-Prada
[2], there is a natural action of G˜ on the space of all unitary connections
A , given by thinking of a connection A as a projection operator θA on
the vertical bundle,
θA : TL→ V L, g · θA = g∗ ◦ θA ◦ (g∗)−1. (2.3)
The resulting action was studied in detail in [2], in the much more general
context of arbitrary principal bundles for a compact real Lie group. The
main application considered in [2] concerns the case when the space of
connections is endowed with the standard, linear Atiyah-Bott symplectic
form, which for a line bundle is
ωABA (a, b) = −
∫
X
a ∧ b ∧ ωn−1.
However we can use this general setup to obtain a result for the symplectic
form ωdHYM.
Theorem 1. The action of the extended gauge group G˜ on the space of all
unitary connections A , endowed with obvious extension of the symplectic
form ωdHYM, is Hamiltonian, with equivariant moment map at A ∈ A ,
evaluated on ζ ∈ Lie(G˜), given by
〈µG˜(A), ζ〉 = 〈µG(A), θA(ζ)〉+
1
n
∫
X
p∗(ζ) Re
(
e−
√−1θˆ(ω − F (A))n
)
,
where µG is defined as in (2.1) and p is the projection appearing in (2.2).
Notice that we are identifying the Lie algebra Lie(H) of Hamiltonian
vector fields on (X,ω) with the space C∞0 (X,ω) of Hamiltonian functions
with zero average. Theorem 1 is proved in Section 3. Its analogue for
the standard symplectic form ωAB is (a special case of) [2], Proposition
1.6: we will return to this below.
2.3. Coupling to a variable metric. It was shown by Jacob and Yau
[20] that solutions of the dHYM equation are unique. It follows that the
naive problem of looking for zeroes of the extended moment map µG˜ is
overdetermined.
The fundamental work of Donaldson [9] and Fujiki [13] on scalar cur-
vature as a moment map suggests that the right thing to do instead is to
let the extended gauge group act on a larger space. Let A be the space
of all unitary connections on (L, h), as above, and let J be the space of
ω-compatible almost complex structures on X . We endow A with the
symplectic form given by the obvious extension of ωdHYM and J with
the Donaldson-Fujiki form ωDF. We consider the induced action of the
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extended gauge group G˜ on the product A ×J , which on the second
factor is given by
g · J = p(g)∗ ◦ J ◦ p(g)−1∗ .
This preserves the space P ⊂ A × J consisting of pairs (A, J) of a
unitary connection A and an integrable complex structure J , such that
A is integrable with respect to J . We denote by s(J) the scalar curvature
of the metric determined by ω and J , and let α be a real positive “coupling
constant”.
Corollary 2. The action of G˜ on A ×J , endowed with the symplectic
form
ωα = nαω
dHYM + ωDF,
for α > 0, is Hamiltonian, with equivariant moment map at (A, J), acting
on ζ ∈ Lie(G˜), given by
〈µα(A, J), ζ〉 = −
∫
X
p∗(ζ)s(J)
ωn
n!
+ nα〈µG˜(A), ζ〉.
The proof is given in Section 3. The analogue of this for the Atiyah-
Bott symplectic form is [2], Proposition 2.1.
For each A ∈ A , the operator θA induces an equivariant vector space
splitting
Lie(G˜) = Lie(G)
⊕
θA
Lie(H).
We consider the problem of finding a pair (A, J) ∈ P such that, in
the above splitting with respect to θA, the moment map µα vanishes on
Lie(G) and acts as some prescribed element −f ∈ C∞0 (X,ω) ∼= Lie(H)∗
on Hamiltonian vector fields:
〈µα(A, J), ζ〉 = 〈µα(A, J), ζ ′ ⊕θA ζ ′′〉 = −
∫
X
ζ ′′f
ωn
n!
.
This is equivalent to the equationsIm
(
e−
√−1θˆ(ω − F (A))n
)
= 0
s(J)− αRe(e
−√−1θˆ(ω−F (A))n)
ωn
= f + c,
where the only possible constant c is determined once the coupling α
is chosen, depending only on [ω] and c1(L). Note that the problem of
finding a zero of the moment map µα corresponds to the choice f ≡ 0.
Formally complexifying the action of G˜, following Donaldson [9], we
keep the complex structures on L and X fixed and vary the Hermitian
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metric h on L and the Ka¨hler form ω in its Ka¨hler class instead. Thus
we arrive at the dHYM equation coupled to a variable Ka¨hler metricIm
(
e−
√−1θˆ(ω − F (h))n
)
= 0
s(ω)− αRe(e
−√−1θˆ(ω−F (h))n)
ωn
= f,
(2.4)
where we absorbed the constant c in the datum f .
These equations are the main object of study in the present paper.
Important motivation for this study comes from the fact that, when the
datum f is constant, so that we are looking for zeroes of the moment
map, it is natural to expect that solutions should satisfy a mixture of
Bridgeland-type stability and K-stability. Note that it is straightforward
to rewrite (2.4) in terms of the Lagrangian phase operator and the radius
function, as we did in (1.3).
Remark 3. Given the origin of the dHYM equation, it is natural to ask
whether a given solution of the coupled equations (2.4) can be effectively
realised in the B-model, that is if the pair (X,ω) underlying a solution
can be embedded holomorphically and isometrically in a Calabi-Yau M .
Note that, at the infinitesimal level, this is always possible: for example,
by the results of [21], we may embed (X,ω) isometrically as the zero
section of the holomorphic cotangent bundle T ∗X , endowed with a hy-
perka¨hler metric defined in a formal neighbourhood of the zero section.
Remark 4. The dHYM equation makes sense and plays a role in mirror
symmetry even when we replace c1(L) with some arbitrary class [F ] of
type (1, 1), not necessarily rational. The same holds for the coupled
equations (2.4). When [F ] is rational, we can obtain solutions in a class
c1(L) from solutions in [F ] by rescaling F and ω appropriately. We will
often use this fact, sometimes without further comment.
2.4. Reduction to Ricci curvature. We describe a special case in
which the dependence on the scalar curvature in the equations (2.4) can
be reduced to the Ricci curvature. In order to see this we note that we
can always write
Re
(
e−
√−1θˆ(ω − F (h))n
)
ωn
=
n∑
i=0
λi(θˆ)Λ
i
ω(F (h))
i
=
√−1 sin(θˆ)ΛωF (h) +
n∑
i 6=1
λi(θˆ)Λ
i
ω(F (h))
i
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for easily determined coefficients λi(θˆ). Now we can uniquely solve the
equation
√−1Λω∂∂h = ∆ωh =
n∑
i 6=1
λi(θˆ)Λ
i
ωF
i(h)−
n∑
i 6=1
λi(θˆ)
∫
X
Λiω(F (h))
iω
n
n!
with the normalisation
∫
X
hωn = 0. It follows that we may rewrite the
equation in (2.4) involving the scalar curvature as
Ric(ω)− α√−1 sin(θˆ)F (h)− α√−1∂∂h = λω,
for some uniquely determined λ, provided the cohomological condition
c1(X) = λ[ω] + α sin(θˆ)c1(L) (2.5)
is satisfied.
In the special case of complex surfaces we may choose h ≡ 0 in the com-
putation above. Moreover it is well known that the dHYM equation on
surfaces reduces to a complex Monge-Ampe`re equation (see e.g. the proof
of Proposition 9 below). Thus under the condition (2.5) on surfaces the
coupled equations (2.4) become the system of complex Monge-Ampe`re
equations 
(√−1 sin(θˆ)F (h) + cos(θˆ)ω)2 = ω2
Ric(ω) = λω + α
sin(θˆ)
√−1F (h).
(2.6)
With the assumption
√−1 sin(θˆ)F (h) + cos(θˆ)ω > 0
and the choices
λ = 1 + cos(θˆ), α = sin2(θˆ)
the system (2.6) is given precisely by the coupled Ka¨hler-Einstein equa-
tions in the sense of Hultgren-Witt Nystro¨m [17]Ric
(√−1 sin(θˆ)F (h) + cos(θˆ)ω) = Ric(ω)
Ric(ω) =
(√−1 sin(θˆ)F (h) + cos(θˆ)ω)+ ω, (2.7)
of Fano type.
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Remark 5. A straightforward computation shows that on a complex
surface we have
cos(θˆ) =
∫
ω2 + (F (h))2((∫
ω2 + (F (h))2
)2 − 4 (∫ F (h) ∧ ω)2)1/2 ,
sin(θˆ) =
2
√−1 ∫ F (h) ∧ ω((∫
ω2 + (F (h))2
)2 − 4 (∫ F (h) ∧ ω)2)1/2 . (2.8)
Hultgren-Witt Nystro¨m ([17] Theorem 1.7) showed that the Ka¨hler-
Einstein coupled equations are solvable on a Ka¨hler-Einstein Fano man-
ifold with discrete automorphisms, provided the corresponding decom-
position of c1(X) > 0 is sufficiently close, in the Ka¨hler cone, to a
“parallel” decomposition of the form c1(X) =
∑
i(λic1(X)), λi > 0.
By the discussion above, this implies immediately the following exis-
tence result for our coupled equations (2.4). It is convenient to set
χ =
√−1 sin(θˆ)F (h) + cos(θˆ)ω.
Corollary 6. Suppose X is a del Pezzo surface with discrete automor-
phism group, and the conditions [χ] > 0, c1(X) = [ω] + [χ] are satisfied.
Assume moreover that the classes [ω], [χ] are sufficiently close, in the
Ka¨hler cone, to (positive) multiples of c1(X). Then there is a solution
to our coupled equations (2.4) in the classes [F (h)], [ω], with coupling
constant α = sin2(θˆ).
As the phase e
√−1θˆ depends on [F (h)], [ω] (through the formulae (2.8)),
the conditions appearing in this Corollary are nonlinear constraints in
these cohomology classes. To obtain examples in which they are satisfied
we consider the choices
[ω] =
1
2
c1(X) + tη,
√−1[F (h)] = 1
2
c1(X)− tη
where η is a fixed class satisfying
∫
c1(X)∪η = 0 and the real parameter
t is sufficiently small. Then [ω],
√−1[F (h)] are positive and by (2.8) we
have cos(θˆ) = 0, sin(θˆ) = 1. Since clearly [ω] +
√−1[F (h)] = c1(X), we
do obtain solutions to the coupled equations (2.4) in these classes, for all
sufficiently small t.
2.5. Duality. We have seen that in special cases our coupled equations
on surfaces reduce to the coupled Ka¨hler-Einstein equations (2.7), that
is, setting
χ =
√−1 sin(θˆ)F (h) + cos(θˆ)ω,
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we obtain the equations {
Ric(χ) = Ric(ω)
Ric(ω) = χ+ ω.
We observe that these are now symmetric in χ, ω, so that the term χ
involving the dHYM connection curvature F (h) is interchanged with the
variable Ka¨hler form ω. It could be interesting to interpret this duality
in terms of the origin of the dHYM equation in the B-model.
2.6. Futaki invariant. We find a first obstruction to the existence of
solutions of the coupled equations (2.4), which generalises the classical
Futaki character [15], following closely the approach of [2]. Fix a complex
line bundle L → X and the associated principal GL(1,C)-bundle L →
X . Let JL be the space of holomorphic structures on L, namely the
integrable GL(1,C)-equivariant almost complex structures on L, acting
as multiplication by
√−1 on the vertical bundle V L ∼= L × gl(1,C).
An element I ∈ JL determines uniquely a complex structure Iˇ on X
and a holomorphic structure on L. Let Aut(L, I) denote the group of
automorphisms g of the holomorphic principal bundle (L, I), covering an
automorphism gˇ of the complex manifold (X, Iˇ). Each ζ ∈ LieAut(L, I)
covers a (unique) real holomorphic vector field ζˇ on (X, Iˇ). For any
symplectic 2-form ω on X , which is Iˇ-compatible, we have the Hodge-
type decomposition
ζˇ = ηφ1 + Iˇηφ2 + β,
where ηφi denotes the Hamiltonian vector field of φi ∈ C∞0 (X,ω), while
β is the Riemannian dual of an harmonic 1-form, with respect to the
metric ω(·, Iˇ·) (see [18]). Fixing also a Hermitian metric h over the line
bundle L, we define a C-linear map
FI : LieAut(L, I) −→ C
given by
FI(ζ) =α
√−1
∫
X
θhζ Im
(
e−
√−1θˆ(ω − F (h))n
)
−
∫
X
φ
(
s(ω)ωn − αRe
(
e−
√−1θˆ(ω − F (h))n
))
,
where φ = φ1 +
√−1φ2. One can show that FI is a character of
LieAut(L, I) and does not depend on the choice of ω and h. The proof is
essentially the same as in [2], Section 3, up to replacing ωAB with ωdHYM.
Then clearly FI must vanish identically if the coupled equations (2.4)
have a solution.
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2.7. Large radius limit. Let us consider the family of Ka¨hler forms
ωt = tω, t ∈ R>0.
The large radius limit, roughly mirror to a large complex structure limit
on Mˇ , refers to the leading behaviour of the moment maps µG˜ , µα, com-
puted with respect to ωt, as t → ∞. The following result is proved in
Section 5.
Proposition 7. Let F (h) =
√−1F , c = n[ω]n−1∪[F ]
[ω]n
. As t→∞, there is
an expansion
〈µG˜(A), ζ〉
=
√−1
n
∫
X
θA(ζ)
((−nωn−1 ∧ F + cωn) tn−1 +O(tn−3))
+
1
n
∫
X
p∗(ζ)(
ωntn −
(
n(n− 1)
2
ωn−2 ∧ F ∧ F − cnωn−1 ∧ F + 1
2
c2ωn
)
tn−2 +O(tn−4)
)
.
As a consequence, the Ka¨hler-Yang-Mills coupled equations introduced in
[2], in the particular case of line bundles, arise as the large radius limit
of the coupled equations (2.4).
Indeed, up to higher order terms as t→∞, the system (2.4), becomes
in the large radius limit{
nωn−1 ∧ F = cωn
s(ωt)− αω
ntn−(n(n−1)2 ωn−2∧F∧F−cnωn−1∧F+ 12 c2ωn)tn−2
(ωt)n
= f,
or equivalently{
ΛωF = c
t−1s(ω)− α (1− t−2Λ2ω(F ∧ F )− 12t−2c2) = f.
Thus choosing the appropriate scaling behaviour for the coupling con-
stant and datum,
α = α′t, f = −α′t+ f˜
t
we arrive at the equations{
ΛωF = c
s(ω) + α′
(
Λ2ω(F ∧ F ) + 12c2
)
= f˜ .
(2.9)
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When f˜ is a (topologically fixed) constant, these are precisely the coupled
Ka¨hler-Yang-Mills equations studied in [2], in the particular case of a
holomorphic line bundle.
2.8. Small radius limit. The small radius limit refers to the leading
behaviour of the moment maps µG˜, µα, computed with respect to ωt, as
t→ 0.
Proposition 8. Let F (h) =
√−1F , c = n[ω]∪[F ]n−1
[F ]n
. As t → 0, there is
an expansion
〈µG˜(A), ζ〉 =
√−1
n
∫
X
θA(ζ)
((
nω ∧ F n−1 − cF n) t+O(t2))
+
1
n
∫
X
p∗(ζ)
(
F n +O(t3)
)
.
Proposition 8 is proved in Section 5. Thus, up to higher order terms
as t→∞, the system (2.4), becomes in the small radius limit{
nω ∧ F n−1 = cF n
s(ωt)− α Fn(ωt)n = f,
or equivalently, provided F is a Ka¨hler form,{
ΛFω = c
t−1s(ω)− α Fn
ωntn
= f.
With the appropriate scaling behaviour
α = tn−1α′, f = t−1f˜
we arrive at the system {
ΛFω = c
s(ω)− α′ Fn
ωn
= f˜ .
(2.10)
This comprises the J-equation of Donaldson [10] and Chen [4], well-known
to be a scaling limit of the dHYM equation (see e.g. [6]). However, unlike
the large radius limit, it seems that the system (2.10) does not appear in
the literature, except for the case when X is a complex surface. In that
case setting
χ = cF − ω
we may rewrite (2.10) as the system{
χ2 = ω2
s(ω)− α′
c2
Λωχ = f˜ +
α′
c2
.
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In the particular case when f˜ is a constant this comprises a complex
Monge-Ampe`re equation coupled to a twisted cscK equation, and it is
precisely of the type studied by Datar and Pingali [8].
2.9. The equations on abelian varieties. After establishing the gen-
eral results described above, in the rest of the paper we focus on studying
the coupled equations (2.4), and their scaling limits, when X is an abelian
variety. Note that in this special case the equations (2.4) for constant f
are always solvable by taking constant coefficients representatives, so in
fact it is necessary here to include a suitable non-constant source term.
Considering abelian varieties is motivated in part by the origin of the
dHYM equations in the B-model: for example, homological mirror sym-
metry for abelian varieties has been studied in detail [14, 24]; moreover
abelian varieties also play a special role in this context as fibres of holo-
morphic Lagrangian fibrations (see e.g. [16]).
A more analytic reason is that the coupled equations (2.4) interact
nicely with the theory of the scalar curvature of Ka¨hler metrics on com-
plex tori, or more generally of periodic solutions of Abreu’s equation, as
developed by Feng and Sze´kelyhidi [11] (see also [19]). This is exploited
in our results Theorems 10, 14 and 15.
Further motivation comes from the fact that the problem of realising
solutions of the coupled equations (2.4) effectively in the B-model, as in
Remark 3, is more tractable when X is a complex torus. We explain this,
in a special case, in Proposition 17.
We can now discuss our existence results on abelian varieties. As in
the work of Feng and Sze´kelyhidi [11] we may assume, without loss of
generality, that X is the abelian variety Cn/(Zn⊕√−1Zn) and [ω0] is the
class of the constant metric ω0 =
√−1∑i dzi ∧ dzi. The group U(1)n
acts on X , by translations in the direction
√−1Rn. We will restrict
to U(1)n-invariant tensors and thus work effectively over the real torus
T = Rn/Zn. Note that an invariant Ka¨hler metric g is given by the real
Hessian of a convex function v(y) on Rn of the form
v(y) =
1
2
|y|2 + ψ(y)
where ψ : Rn → R is Zn-periodic (so we have ωg =
√−1∑i,j vijdzi∧dzj).
Such a function has a well-defined Legendre transform u(x) : Rn → R,
where the “symplectic coordinates” x and “real holomorphic” coordinates
y are related by the diffeomorphism y = ∇u(x).
We begin by studying the special case when X is an abelian surface.
As a preliminary step we derive a priori estimates for invariant solutions
of (2.4), under a semipositivity condition, and a condition on the phase
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e
√−1θˆ. These rely heavily on the results of [11] and may be of independent
interest.
As before, it is convenient to set F (h) =
√−1F , for a real 2-form F ,
and to formulate our results in terms of F .
Proposition 9. Let X be an abelian surface, and (ωg, h) be a U(1)
2-
invariant solution of the coupled equations (2.4) on a line bundle L→ X,
for a fixed function f . Suppose we have F ≥ 0, and the phase e
√−1θˆ
satisfies
sin(θˆ) < 0, cos(θˆ) > 0
(this is in fact compatible with the curvature condition). Then there are a
priori Ck estimates on (g, h) of all orders, with respect to the background
flat metric ω0, depending only on f , the phase e
√−1θˆ, and the coupling
constant α. Moreover the metric g is uniformly positive, depending on
sup |f |, α and e
√−1θˆ.
Proposition 9 is proved is Section 4. Similarly to the work of Feng-
Sze´kelyhidi [11] in the case of the scalar curvature, using the Legendre
transform we can apply Proposition 9 to obtain an existence result for
the coupled equations (2.4) on an abelian surface X . Let A be any
U(1)2-invariant function on X , satisfying the necessary cohomological
condition ∫
X
A
ω2
2
= −α
∫
X
Re
(
e−
√−1θˆ(ω − F (h))2
)
.
Theorem 10. Let X be an abelian surface and fix a negative3 line bundle
L. There is a constant c > 0, depending only on a parameter α′ > 0 and
on A, such that if the phase e
√−1θˆ satisfies the conditions
sin(θˆ) < 0,
0 < cos(θˆ) < c
then the equations (2.4) on L are solvable, with coupling constant α =
α′ cos(θˆ), and datum f given by the image of any function A, as above,
under Legendre duality, that is
f(∇u(x)) = A(x).
Theorem 10 is proved is Section 4.
3Recall that the first equation in (2.4) is usually thought of as the dHYM equation
for the inverse, positive line bundle L−1. The same remark applies to the following
results.
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Remark 11. For example, when X = C2/(Z2 ⊕√−1Z2), choosing the
reference class [ω0] and letting F
0 denote a constant representative of
−c1(L) (which always exists), we have
cos(θˆ) =
1− det(F 0)((
1− det(F 0))2 + ( tr(F 0))2)1/2 ,
sin(θˆ) = − tr(F
0)((
1− det(F 0))2 + ( tr(F 0))2)1/2 .
(see Theorem 15 below).
The conditions sin(θˆ) < 0, 0 < cos(θˆ) < c hold provided −c1(L) is
sufficiently close to [ω] (depending only on α′, sup |A|), and [ω] + c1(L)
is a Ka¨hler class (see the proof of Lemma 18). The following application
follows at once, by rescaling suitably (recall Remark 4).
Corollary 12. Fix negative line bundles L,N on the abelian surface X.
Then for all sufficiently large k, depending only on α′, A, the equations
(2.4) with coupling constant α′ cos(θˆ) and datum f as in Theorem 10 are
solvable on the line bundle L⊗k ⊗ N−1, with respect to the Ka¨hler class
−kc1(L).
Theorem 10 suggests a similar approach, based on the positivity of
L−1, in the case of the large radius limit, that is, of the Ka¨hler-Yang-
Mills equations studied in [2],{
ΛgF = µ
s(g) + αΛ2g(F ∧ F ) = f,
(2.11)
for a smooth function f . Indeed it turns out that in this case we can
obtain analogues of Proposition 9 and Theorem 10, for arbitrary dimen-
sion. Following [11], as above, we may assume, without loss of generality,
that X is the abelian variety Cn/(Zn ⊕√−1Zn) and [ω0] is the class of
the metric ω0 =
√−1∑i dzi ∧ dzi.
Proposition 13. Let (g, h) be a U(1)n-invariant solution of (2.11) on
a line bundle L → M , for a fixed function f . Suppose we have F ≥ 0.
Then there are a priori Ck estimates on (g, h) of all orders, with respect
to the background flat metric ω0, depending only on f , the dimension n,
the degree µ of L−1, and the coupling constant α. Moreover the metric g
is uniformly positive, depending only on sup |f |, α and µ.
Let A be any U(1)n-invariant function on X , satisfying∫
M
A
ωn
n!
= λ
[ω]n
n!
,
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where the topological constant λ is given by
λ = αn(n− 1)(c1(L))
2 ∪ [ω]n−2
[ω]n
.
Suppose [ω] is the class of the curvature of an ample line bundle N on
M . We also fix a negative line bundle L, with degree −µ.
Theorem 14. There exists an integer K > 0 such that, for all k ≥ K,
there are a Hermitian metric h on the fibres of Ln ⊗ (k − 1)µN and an
invariant Ka¨hler metric g ∈ c1(N), solving the equations{
ΛgF = nkµ
s(g) + α
(nk)2
Λ2g(F ∧ F ) = f,
where f is the image of any function A, as above, under Legendre duality,
that is
f(∇u(x)) = A(x).
The integer K depends only on sup |f |, the dimension n, the degree µ,
and the coupling constant α.
Note that Theorem 14 is not obtained by “perturbation” around α = 0
and the solution of the corresponding problem s(g) = f found by Feng-
Sze´kelyhidi. Indeed for all k as in the statement we have∫
M
Λ2g(F ∧ F )
ωng
n!
= (nk)2λ = O(k2),
so the term α
(nk)2
Λ2g(F ∧ F ) coupling the metric to the connection is of
order O(1) and the actual coupling constant is α, not α
k2
.
Theorems 10 and 14 apply when the datum f (or rather its Legendre
transform A with respect to the unknown g) is arbitrary. We can obtain
much more precise results when A has a particular form. We consider
here the case when A is invariant under translations with respect to all
but one of the symplectic coordinates, say x1. For simplicity we analyse
the case whenX is the abelian surface C2/(Z2⊕√−1Z2), although similar
results hold much more generally.
Theorem 15. Suppose X is the abelian surface C2/(Z2⊕√−1Z2). Then,
the coupled equations (2.4) are solvable on any L, with respect to the class
[ω0], with coupling constant α, and datum f(y1) given by the image of
any function A(x1), as above, under Legendre duality, that is
f(∇u(x)) = A(x1).
We also prove an analogue of this result for the large and small radius
limits.
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Theorem 16. In the situation of Theorem 15, the coupled Ka¨hler-Yang-
Mills equations (2.9) are always solvable on L, with respect to the class
[ω0], with coupling constant α, and datum f(y1) given by the image of
any function A(x1) under Legendre duality.
The same holds for the small radius limit coupled equations (2.10),
under the condition det(F 0) > 0, where F 0(h) =
∑
i,j F
0
ijdzi ∧ dzj is a
constant curvature form for a metric on L.
Let us return to the question of realising the solutions of the coupled
equations (2.4) effectively in the B-model. As recalled in Remark 3, it is
always possible to embed (X,ω) isometrically as the zero section of the
holomorphic cotangent bundle T ∗X , endowed with a hyperka¨hler metric
defined in a formal neighbourhood of the zero section. It is natural to
ask when this metric extends at least to an open neighbourhood of the
zero section, in the analytic topology. By the main result of [12], this is
the case if and only if ω is real analytic.
Proposition 17. Suppose the datum A(x1) is real analytic. Then, the
metric ω underlying a solution of the coupled equations (2.4) given by
Theorem 15 is also real analytic. It follows that these solutions can be
realised effectively in the B-model of an open neighbourhood of X ⊂ T ∗X
endowed with a hyperka¨hler metric, extending ω.
The proof is given in Section 6. Naturally it would be interesting to
understand when these extensions are complete.
The Appendix to this paper is devoted to the linearised Ka¨hler-Yang-
Mills equations in symplectic coordinates on a torus. In particular we
prove that these linearised equations correspond to a scalar linear differ-
ential operator which has trivial kernel and is formally self-adjoint, with
respect to the Lebesgue measure. Besides its application in our proof
of Theorem 14, we believe this may be a useful result in view of future
applications.
3. Extended gauge group and scalar curvature
This Section is devoted to the proofs of Theorem 1 and Corollary 2.
Let X be a compact n-dimensional Ka¨hler manifold, with Ka¨hler form
ω, and L → X a complex line bundle with a Hermitian metric h. We
consider the space A of h-unitary connections on L, endowed with the
symplectic structure given by ωdHYM. The G˜-equivariant map θ defined
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as
θ : A → Hom(Lie G˜,Lie G)
A 7→ θA
associates to each connection A the projection operator θA introduced in
(2.3). We consider also the map θ⊥ given by
θ⊥ : A → Hom(Lie H,Lie G˜)
A 7→ θ⊥A
where the lifting operator θ⊥A is uniquely defined by Id = ι ◦ θA + θ⊥A ◦ p,
with ι and p as in (2.2). For any ζ ∈ Lie G˜, Yζ denotes the vector field
on A associated to the infinitesimal G˜-action on A :
Yζ|A =
d
dt
∣∣∣
t=0
exp(tζ) · A.
In particular we have
Yθ⊥ηφ|A = −ηφ y FA
for any ηφ ∈ Lie H (see e. g. [2], Lemma 1.5). It follows from [2],
Proposition 1.3, that the G˜-action on A is Hamiltonian if and only if
there is a G˜-equivariant map σ : A → (Lie H)∗ satisfying
ωdHYM(Yθ⊥ηφ|A, a) = 〈µG, a(ηφ)〉+ d〈σ, ηφ〉(a). (3.1)
We claim that this holds for the equivariant map defined by
〈σ(A), ηφ〉 = 1
n
∫
X
φRe
(
e−
√−1θˆ(ω − F (A))n
)
,
for all ηφ ∈ Lie H.
Since
√−1a ∧ Im
(
e−
√−1θˆ(ω − F (A))n
)
= 0, contracting with ηφ we
obtain the identity
−√−1na ∧ (ηφ y ω) ∧ Im
(
e−
√−1θˆ(ω − F (A))n−1
)
+ na ∧ (ηφ y F (A)) ∧ Re
(
e−
√−1θˆ(ω − F (A))n−1
)
+
√−1a(ηφ) Im
(
e−
√−1θˆ(ω − F (A))n
)
= 0. (3.2)
On the other hand, by the above identity for the infinitesimal generator,
we have
ωdHYM(Yθ⊥ηφ|A, a) = −
∫
X
a∧ (ηφ y F (A))∧Re
(
e−
√−1θˆ(ω − F (A))n−1
)
.
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Also, by definition,
〈µG, a(ηφ)〉 = +
√−1
n
∫
X
a(ηφ) Im
(
e−
√−1θˆ(ω − F (A))n
)
,
and similarly
d〈σ, ηφ〉(a) = −1
n
∫
X
φRe
(
n da ∧ e−
√−1θˆ(ω − F (A))n−1
)
= −√−1
∫
X
φda ∧ Im
(
e−
√−1θˆ(ω − F (A))n−1
)
= −√−1
∫
X
a ∧ (ηφ y ω) ∧ Im
(
e−
√−1θˆ(ω − F (A))n−1
)
.
Hence, using the identity (3.2), we see that the condition (3.1) is satisfied
and Theorem 1 follows.
Now we endow A ×J with the infinite dimensional Ka¨hler structure
given by the form
ωα = αω
dHYM + ωDF
with α > 0. The G˜-action on A × J preserves P, and combining
our computation above with the well-known results of Donaldson [9] and
Fujiki [13] we see that it is Hamiltonian, with equivariant moment map
µα : A ×J → (Lie G˜)∗ given by
〈µα(A, J), ζ〉 = −
∫
X
p∗(ζ)s(J)ωn + α〈µG˜(A), ζ〉
=
√−1α
∫
X
θAζ Im
(
e−
√−1θˆ(ω − F (A))n
)
−
∫
X
φ
(
s(J)ωn − αRe
(
e−
√−1θˆ(ω − F (A))n
))
,
for all (A, J) ∈ A ×J , ζ ∈ Lie G˜ and p∗(ζ) = ηφ.
4. A priori estimates and Theorem 10
We consider the coupled equations (2.4) when X is an abelian surface
C2/Λ. In particular we will soon assume that L is semipositive. In
order to simplify our exposition, following [11], we can further assume
that X = C2/(Z2 ⊕ √−1Z2), and that the background Ka¨hler form is
ω0 =
√−1∑i dzi ∧ dzi. The general case only differs by slightly more
complicated notation.
The group U(1)2 acts on X , by translations in the direction
√−1Rn,
and we will look for invariant solutions, so we are effectively considering
equations on the real torus R2/Z2. Following [11], Section 5 we may
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formulate the problem (using invariant complex coordinates, with real
part y) in terms of a convex function
v(y) =
1
2
|y|2 + ψ(y)
where ψ : Rn → R is periodic, with fundamental domain Ω = [0, 1]×[0, 1].
The invariant metric g is given by the real Hessian of v(y), namely ωg =√−1∑i,j vijdzi ∧ dzj. Then, by a standard formula in Ka¨hler geometry,
we have
s(g) = −1
4
vij[log det(vab)]ij .
We set F (h) =
√−1F , and abusing notation slightly we think of F
as a periodic function with values in symmetric matrices (so we have
F (h) =
∑
i,j Fijdzi ∧ dzj). Then the coupled equations (2.4) becomeIm
(
e−
√−1θˆ det(vij −
√−1Fij)
)
= 0
−1
4
vij[log det(vab)]ij − αRe(e
−√−1θˆ det(vij−
√−1Fij))
det(vab)
= f,
(4.1)
where the phase e
√−1θˆ is determined by the cohomological condition∫
Ω
det(vij −
√−1Fij) ∈ R>0e
√−1θˆ (4.2)
and the datum f must satisfy the necessary cohomological constraint∫
Ω
f det(vab) = −α
∫
Ω
Re
(
e−
√−1θˆ det(vij −
√−1Fij)
)
. (4.3)
It is especially convenient to formulate the problem in terms of symplectic
coordinates, that is, in terms of the Legendre transform u(x) of v(y), see
[11] Section 5. Recall that u(x) is defined by the equation
u(x) + v(y) = x · y,
where we set x = ∇v(y). Then u(x) has the form
u(x) =
1
2
|x|2 + φ(x). (4.4)
where φ : Rn → R is periodic, with domain Ω, and we have the inverse
relation
y = ∇u(x).
Using a well-known result of Abreu for the scalar curvature in symplectic
coordinates (see [1]), as well as the Legendre duality property vij(y) =
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uij(x), the coupled equations (2.4) becomeIm
(
e−
√−1θˆ det(uij −√−1Fij(∇u))
)
= 0
−1
4
[uij]ij − αRe
(
e−
√−1θˆ det(uij −√−1Fij(∇u))
)
det(uab) = A,
(4.5)
where the datum A is given by the relation A(x) = f(y) = f(∇u).
A key advantage of formulating the problem in symplectic coordinates
is that it is now trivial to take the cohomological constraint (4.3) into
account: the datum A(x) must simply satisfy∫
Ω
A(x)dµ(x) = −α
∫
Ω
Re
(
e−
√−1θˆ det(vij −
√−1Fij)
)
with respect to the fixed Lebesgue measure dµ(x).
In the following we start from the equations is symplectic coordinates
with datum A(x) and define f(y) through the relation
f(∇u(x)) = A(x).
Our first task is to establish the necessary a priori estimates for this
problem, Proposition 13. As in [11], the first step for this is obtaining a
uniform bound for the determinant.
Lemma 18. Suppose the phase e
√−1θˆ satisfies
sin(θˆ) < 0, cos(θˆ) > 0.
Then, there are uniform constants c1, c2 > 0, depending only on the
coupling constant α, the phase e
√−1θˆ and on sup |f |, such that a solution
of (4.1) with F ≥ 0 satisfies
0 < c1 < det(vab) < c2.
(Recall A(x), f(y) and u(x), v(y) are related by Legendre transform).
Moreover, the assumption on e
√−1θˆ and the fact that [F ] is a semipositive
class are compatible.
Proof. Feng-Sze´kelyhidi [11] study Abreu’s equation
[uij ]ij = A˜
in all dimensions and for an arbitrary smooth periodic function A˜ (with
zero average). In loc. cit. Section 3 it is shown that solutions satisfy a
uniform bound of the form
0 < c′1 < det(uab) < c
′
2
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where the constants c′1, c
′
2 depend only on the dimension n and a bound on
sup |A˜|. In our case, we can write the equations in symplectic coordinates
(4.5) in the form [uij]ij = A˜ with the choice
A˜ = −4αRe
(
e−
√−1θˆ det(uij −√−1Fij(∇u))
)
det(uab)− 4A.
We claim that, under our assumptions, there is a uniform a priori bound
for sup |A˜|, depending only on sup |A|, α, e
√−1θˆ. Equivalently, we claim
that there is a uniform bound for the quantity
Re
(
e−
√−1θˆ det(vij −
√−1Fij)
)
det(vab)
=
Re(e−
√−1θˆ(ω −√−1F )2)
ω2
.
In order to see this, note that in the two-dimensional case the coupled
equations (2.4) may be written as{
F 2 sin(θˆ)− 2F ∧ ω cos(θˆ)− ω2 sin(θˆ) = 0
s(ω)− α−F 2 cos(θˆ)−2F∧ω sin(θˆ)+ω2 cos(θˆ)
ω2
= f.
In particular the dHYM equation is
sin(θˆ)
F 2
ω2
− 2F ∧ ω
ω2
cos(θˆ) = sin(θˆ).
So under the conditions sin(θˆ) cos(θˆ) < 0 (that is, tan(θˆ) < 0), together
with semipositivity F ≥ 0, the dHYM equation implies the a priori
bounds
F 2
ω2
< 1,
F ∧ ω
ω2
<
| tan(θˆ)|
2
, (4.6)
which immediately give the required bounds on A˜. It remains to be
checked whether the condition tan(θˆ) < 0 and the fact that [F ] is a
semipositive class are compatible. This is the case provided sin(θˆ) < 0,
cos(θˆ) > 0. Indeed, for a solution of the dHYM equation, integrating
shows that we must have
sin(θˆ)
∫
X
F 2 − 2 cos(θˆ)
∫
X
F ∧ ω − sin(θˆ)
∫
X
ω2 = 0,
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that is, tan(θˆ) =
2
∫
X F∧ω∫
X
F 2−∫
X
ω2
. At the same time, by the condition (4.2)
and the dHYM equation, we must have∫
Re(e−iθˆ(ω − iF )2)
= − cos(θˆ)
∫
X
F 2 − 2 sin(θˆ)
∫
X
F ∧ ω + cos(θˆ)
∫
X
ω2
= − cos(θˆ)
∫
X
F 2 − sin(θˆ) tan(θˆ)
(∫
X
F 2 −
∫
X
ω2
)
+ cos(θˆ)
∫
X
ω2
=
(∫
X
F 2 −
∫
X
ω2
)(
− cos(θˆ)− sin
2(θˆ)
cos(θˆ)
)
= − 1
cos(θˆ)
(∫
X
F 2 −
∫
X
ω2
)
> 0.

It is possible to obtain higher order estimates from the bound on the
determinant given by Lemma 18. Following [11] Section 4 the key idea
is to write the second equation in (4.5) in the form
U ijwij = A˜ (4.7)
where U ij is the cofactor matrix of the Hessian uij, while
w = (det(uab))
−1,
A˜ = −4αRe
(
e−
√−1θˆ det(uij −√−1Fij(∇u))
)
det(uab)− 4A.
Note that this rewriting is possible because of the identity [U ij ]i = 0.
Then (4.7) can be regarded as a non-homogeneous linearised Monge-
Ampe`re equation satisfied by w.
Lemma 19. Suppose the phase e
√−1θˆ satisfies
sin(θˆ) < 0, cos(θˆ) > 0.
Then, there are uniform constants Λk > 0, depending only on e
√−1θˆ, α
and A, such that for a solution u, F of (4.5) with F ≥ 0 we have
Λ0I < uij < Λ1I,
||u||Ck < Λk, k ≥ 2.
Moreover Λ0, Λ1, as well as a bound on ||u||C2,δ for some δ > 0, depend
only on sup |A|, α, e
√−1θˆ.
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Proof. Let us first show that we have estimates ||u||Ck < Λk for k ≥ 2. In
[26] Section 3.7, Corollary 3.2, Trudinger-Wang give an interior Ho¨lder
estimate for a C2 solution of the non-homogeneous linearised Monge-
Ampe`re equation on the ball B1(0) ⊂ Rn, for all n. Note that, adapting
to our present notation, they would actually write (4.7) as
U ijwij =
(
A˜
det(uab)
)
det(uab).
Then their estimate takes the form
||w||Cδ(B1/2(0)) ≤ C
(
||w||C0(B1(0)) +
∫
B1(0)
∣∣∣ A˜
det(uab)
∣∣∣n det(uab)dµ
)
,
where dµ is the Lebesgue measure (so det(uab)dµ is the Monge-Ampe`re
measure associated with u), where the constants δ, C > 0 depend only on
n and a pinching for the quantity det(uab), that is, on constants c
′
1, c
′
2 > 0
such that
0 < c′1 < det(uab) < c
′
2.
In the proof of Lemma 18 we have shown that our current assumptions
on e
√−1θˆ and F imply a uniform C0 bound for the function A˜, depending
only on tan(θˆ), α, sup |A|, see (4.6). Moreover Lemma 18 shows that the
pinching constants c′1, c
′
2 > 0 can be chosen uniformly, depending only on
the same quantities. Recalling that w = (det(uab))
−1, we find that there
is a uniform Cδ bound on w on the ball B1/2(0), in terms of tan(θˆ), α,
sup |A|. With our current conventions, the ball B1/2(0) does not contain
a period domain Ω = [0, 1]× [0, 1], but this is only a matter of notation.
For example we could have started with the lattice Λ = 1
4
Z2 ⊕
√−1
4
Z2.
So we get a uniform a priori Cα bound on w everywhere.
By the definition of w, and the regularity we just obtained, the function
u satisfies the Monge-Ampe`re equation
w(x) det(uab(x)) = 1,
with Cδ coefficients. A well-known Schauder estimate due to Caffarelli
[3] shows that then there is a uniform a priori C2,δ bound on u(x).
Bootstrapping in the linearised Monge-Ampe`re equation (4.7) gives
uniform Ck,δ bounds on u for all k, depending only on A, α, e
√−1θˆ.
Finally we need to show the uniform bound Λ0I < uij < Λ1I. Equiv-
alently, we need to show that the eigenvalues of the Hessian uij are
uniformly bounded, and bounded away from 0, in terms of the usual
quantities. But this follows immediately from the uniform bound on
the determinant 0 < c′1 < det(uab) < c
′
2 and the uniform C
2 bound
||u||C2 < Λ2, which we established above. 
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We can now complete the proof of Proposition 9. Recall that this
claims that there are a priori bounds of all orders on solutions (g, h) of
(4.1) and on the positivity of the metric g, depending only on e
√−1θˆ, α,
f , under the conditions
sin(θˆ) < 0, cos(θˆ) > 0, F ≥ 0.
Lemma 19 and the Legendre transform give the required statement about
the positivity and a priori bounds for g. It remains to show a priori
bounds on the bundle curvature, i.e. on F . To obtain these we use the
well-known reduction of the dHYM equation to complex Monge-Ampe`re
equation in the case of a complex surface (see e.g. [6]). As in the proof
of Lemma 18, we write the dHYM equation as
−F 2 sin(θˆ) + 2F ∧ ω cos(θˆ) = −ω2 sin(θˆ).
We consider a general equation of the form
(c1F + c2ω)
2 = c3ω
2
for some choice of constants ci. This is of course
c21F
2 + 2c1c2F ∧ ω = (c3 − c22)ω2.
Recall we have sin(θˆ) < 0, cos(θˆ) > 0. Then choosing
c1 = (− sin(θˆ))1/2, c2 = cos(θˆ)
(− sin(θˆ))1/2 , c3 = −
1
sin(θˆ)
shows that the dHYM condition becomes the complex Monge-Ampe`re
equation (
(− sin(θˆ))1/2F − cos(θˆ)
(− sin(θˆ))1/2ω
)2
= − 1
sin(θˆ)
ω2
or equivalently
χ2 = ω2
where
χ = − sin(θˆ)F + cos(θˆ)ω.
We should think of this as an equation for χ, and so F , given ω. Note
that χ is automatically a Ka¨hler class. By the Calabi-Yau Theorem, this
Monge-Ampe`re equation is solvable iff∫
χ2 =
∫
ω2,
which of course determines e
√−1θˆ just as before. Moreover Yau’s esti-
mates give the required a priori Ck bounds on χ, and on its positivity,
with respect to ω, on which in turn we already have uniform estimates
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in terms of e
√−1θˆ, α, A, by Lemma 19. Proposition 9 follows.
Given the a priori estimates of Proposition 9, we are in a position to
prove Theorem 10 via the continuity method. We apply this to the family
of equations, depending on a parameter t ∈ [0, 1], given by{
Im
(
e−
√−1θˆ det(uij −√−1Fij(∇u))
)
= 0
[uij]ij = A˜t − 4(1− t)
∫
Ω
A(x)dµ(x),
(4.8)
where we set
A˜t = −4αRe
(
e−
√−1θˆ det(uij −√−1Fij(∇u))
)
det(uab)− 4tA.
For t = 0 the equations are solvable by choosing vij = u
ij and Fij to be
constant representatives of their cohomology classes. For Theorem 10,
we assume that [F ] is a Ka¨hler class.
By Proposition 9 the set of times t ∈ [0, 1] for which the equations
(4.8) are solvable is closed as long as the solution satisfies F ≥ 0. We
claim that, under suitable conditions on the phase e
√−1θˆ and the coupling
constant α, the bundle curvature actually remains negative, i.e. the
condition F > 0 is closed along the continuity path. To see this, recall
that we showed above that (along the path) the form χ = − sin(θˆ)F +
cos(θˆ)ω satisfies the complex Monge-Ampe`re equation χ2 = ω2. By Yau’s
partial C2 estimate, there is a constant c > 0, depending only on ω, such
that
− sin(θˆ)F + cos(θˆ)ω > cω,
that is,
F > −c− cos(θˆ)
sin(θˆ)
ω. (4.9)
In turn, by Proposition 9 (or more precisely by Lemma 19), the constant
c > 0 can be chosen uniformly in terms of e
√−1θˆ, α, sup |A|. This would
seem to lead to a complicated dependence on the phase e
√−1θˆ in the
lower bound (4.9). But in fact we have shown in the proof of Lemma 18
that assuming only semiposivity F ≥ 0 one obtains uniform bounds on
the scalar curvature s(ω) in terms of the quantity α| tan(θˆ)| (see (4.6)).
Thus, choosing the coupling constant to be of the form α = α′ cos(θˆ) for
some fixed α′, we see that the constant c > 0 given by Yau’s estimates
can be chosen uniformly in terms of α′, sup |A| only. Then if follows from
(4.9) that under the conditions
sin(θˆ) < 0, 0 < cos(θˆ) < c,
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depending only on α′, sup |A|, the bundle curvature remains negative,
F > 0, as required.
It remains to check openness of the continuity path. The condition
F > 0 is clearly open, so we only need to show that, with our choice
α = α′ cos(θˆ), the linearisation of the equations (4.8) at any point of
the path are always solvable provided c above is sufficiently small, in
a uniform way. Consider the equations obtained in the limiting case
cos(θˆ) = 0: {
F 2 = ω2
s(ω) = f(∇u).
By the results of [11] Section 2, the corresponding linearised equations
are uniquely solvable, so the same holds for the linearisation of (4.8)
for cos(θˆ) sufficiently small, depending only on our a priori estimates on
solutions of (4.8), and so on α′, A. This completes the proof of Theorem
10.
5. Large/small radius limits and Theorem 14
We begin with a proof of Proposition 7. As usual, it is convenient
to write F (h) =
√−1F and set z = ∫
X
(tω − √−1F )n. Identifying top
classes with their integrals, we may expand as t→∞
z =
(
tn[ω]n−tn−2n(n− 1)
2
[ω]n−2∪[F ]∪[F ])−√−1tn−1n[ω]n−1∪[F ]+O(tn−3).
By definition, we have
e−
√−1θˆ =
z¯
|z|
=
(
1− (n[ω]
n−1 ∪ [F ])2
2([ω]n)2
1
t2
)
+
√−1n[ω]
n−1 ∪ [F ]
[ω]n
1
t
+O
(
1
t3
)
.
It follows that we have
Im
(
e−
√−1θˆ(tω −√−1F )n
)
= n
(
−ωn−1 ∧ F + [ω]
n−1 ∪ [F ]
[ω]n
ωn
)
tn−1+O(tn−3),
and similarly
Re
(
e−
√−1θˆ(tω −√−1F )n
)
= ωntn
−
(
n(n− 1)
2
ωn−2 ∧ F ∧ F − n[ω]
n−1 ∪ [F ]
[ω]n
nωn−1 ∧ F + (n[ω]
n−1 ∪ [F ])2
2([ω]n)2
ωn
)
tn−2
+O(tn−4).
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Now Proposition 7 follows at once from the definition of µG˜.
The case of small radius, Proposition 8, is similar. We have, as t→ 0
z = (−√−1)n([F ]n +√−1n[ω] ∪ [F ]n−1t+O(t2)),
so
e−
√−1θˆ =
z¯
|z|
= (
√−1)n
(
1−√−1n[ω] ∪ [F ]
n−1
[F ]n
t +O(t2)
)
,
and
e−
√−1θˆ(tω−√−1F )n = F n+√−1
(
nω ∧ F n−1 − n[ω] ∪ [F ]
n−1
[F ]n
F n
)
t+O(t2).
Proposition 8 follows immediately.
We proceed to prove our main results concerning the Ka¨hler-Yang-
Mills system on an abelian variety X of arbitrary dimension n, Proposi-
tion 13 and Theorem 14. Recall the system is given by{
ΛgF = µ
s(g) + αΛ2g(F ∧ F ) = f,
where F (h) =
√−1F is the curvature of a Hermitian metric on the
fibres of a holomorphic line bundle L → X , of degree −µ, and f ∈
C∞(M) is a prescribed function. Note that a solution g must satisfy the
cohomological constraint∫
M
f
ωng
n!
= α
∫
M
F ∧ F ∧ ω
n−2
g
(n− 2)! . (5.1)
Using the identity (involving pointwise norms)
Λ2g(F ∧ F ) = 2||ΛgF ||2g − 2||F ||2g
the equations can be written in the form{
ΛgF = µ,
s(g) = f + 2α||F ||2g − 2αµ2.
Following [11] we may assume, without loss of generality, that X is the
abelian variety Cn/(Zn ⊕ √−1Zn) and [ω0] is the class of the metric
ω0 =
√−1∑i dzi ∧ dzi. Then U(1)n acts on X , by translations in the√−1Rn direction. We suppose that f is U(1)n-invariant and look for
dHYM CONNECTIONS AND SCALAR CURVATURE 29
U(1)n-invariant solutions. As in the previous Section, we formulate the
problem in terms of the convex function
v(y) =
1
2
|y|2 + ψ(y)
where ψ : Rn → R is periodic, with period domain Ω = [0, 1]n, and of its
Legendre transform
u(x) =
1
2
|x|2 + φ(x). (5.2)
where φ : Rn → R is periodic with the same period domain Ω. As
before, the invariant metric g is given by the real Hessian of v(y), namely
ωg =
√−1∑i,j vijdzi ∧ dzj. Then we have
s(g) = −1
4
vij[log det(vab)]ij ,
||F ||2g = vijvklFilFkj.
So the equations become{
vijFij = µ
vij[log det(vab)]ij = −4f + 8αµ2 − 8αvijvklFilFkj .
(5.3)
Here F = Fij is regarded as a periodic function with values in symmetric
matrices (so we have F (h) = −∑i,j Fijdzi ∧ dzj).
In terms of the Legendre transform, the equations are{
uijFij(∇u) = µ
[uij]ij = −4A+ 8αµ2 − 8αuijuklFil(∇u)Fkj(∇u),
(5.4)
where we set A(x) = f(y) = f(∇u). From this symplectic viewpoint, it
is trivial to take the constraint (5.1) into account: the datum A(x) must
simply satisfy ∫
Ω
A(x)dµ(x) = α
∫
M
F ∧ F ∧ ω
n−2
g
(n− 2)!
with respect to the fixed Lebesgue measure dµ(x). As in the previous
Section, we start from the equations is symplectic coordinates with da-
tum A(x) and define f(y) through the relation f(∇u(x)) = A(x).
We can now establish our a priori estimates, Proposition 13. A simple
computation shows that we have
vijFij = tr(Hess(v)
−1F ),
vijvklFilFkj = tr
(
(Hess(v)−1F )2
)
.
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So our equations, in invariant complex coordinates, are equivalent to{
tr(Hess(v)−1F ) = µ,
vij[log det(vab)]ij = −4f + 8αµ2 − 8α tr ((Hess(v)−1F )2) .
Suppose v, F give a solution with F ≥ 0 (so in particular the bundle L
is seminegative). Then we can write
Fij =
[
1
2
yTBy + ϕ(y)
]
ij
where B is a fixed, symmetric positive semidefinite matrix, and ϕ(x) is
periodic, with period domain Ω.
Note that Hess(v)−1F is a product of symmetric matrices and so it is
similar to a symmetric matrix, hence it has real eigenvalues λi. Since
both Hess(v)−1 and F are positive definite and semidefinite respectively,
by assumption, we have in fact λi ≥ 0. The condition
tr(Hess(v)−1F ) = µ > 0
immediately gives the bound 0 ≤ λi ≤ µ. Therefore
0 ≤ tr ((Hess(v)−1F )2) =∑
i
λ2i < nµ
2.
It follows immediately that under the semipositivity assumption F ≥ 0
there is a uniform C0 bound for the image under Legendre duality of the
quantity
A˜ = −4A + 8αµ2 − 8αuijuklFil(∇u)Fkj(∇u),
depending only on sup |f |,n,µ. This bound is preserved under pullback
by the diffeomorphism induced by Legendre duality. On the other hand
the second equation in (5.4) is precisely [uij]ij = A˜. If follows that we
have a uniform a priori bound on the quantity [uij]ij, depending only on
sup |f |,n,µ. From here, proceeding exactly as in the proof of Lemma 19,
we find that there are uniform constants Λk > 0, depending only on A,
n, µ, such that for a solution u, F of (5.4) with F ≥ 0 we have
Λ0I < uij < Λ1I,
||u||Ck < Λk, k ≥ 2. (5.5)
Notice moreover that the constants Λ0, Λ1, as well as a bound on ||u||C2,δ,
only depend on sup |A|, n, µ (where δ is the Ho¨lder exponent appearing
in the Trudinger-Wang estimate, as in the proof of Lemma 19). Taking
the Legendre transform, this gives the required statement about the pos-
itivity and a priori bounds for a solution g. It remains to show a priori
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bounds on the curvature F (h), or equivalently on F . Recall that, on the
universal cover, this is given by the Hessian of a function, as above,
Fij =
[
1
2
yTBy + ϕ(y)
]
ij
.
We can normalise ϕ so that ϕ(0) = 0. The HYM equation ΛgF = µ
satisfied by h can be seen as a second order linear elliptic PDE, with
periodic coefficients, satisfied by the periodic function ϕ,
vijϕij = µ− vijBij.
By standard Schauder theory and periodicity there are bounds on the
form
||ϕ||Ck+2,δ(Ω) ≤ Ck,δ
(||ϕ||C0(Ω) + ||µ− vijBij ||Ck,δ(Ω)) ,
where Ck,δ > 0 depends only on ||vij||Ck,δ(Ω) and the ellipticity constants.
By our previous a priori bounds (5.5) and the Legendre transform, both
quantities are uniformly bounded in terms of f , n, µ. It follows that in
fact we have a priori bounds of the form
||ϕ||Ck+2,δ(Ω) ≤ Ck,δ||ϕ||C0(Ω) + C ′k,δ
where the constants Ck,δ, C
′
k,δ > 0 depend only on f , n, µ. We claim
that there is also a uniform bound on ||ϕ||C0(Ω). To see this, similarly to
[11] Lemma 4, we use the semipositivity F ≥ 0 to obtain a lower bound
on the Hessian D2ϕ ≥ −B. If p is a point where the maximum of ϕ is
achieved then we have, for all y,
ϕ(y) ≥ ϕ(p)− (y − p)TB(y − p).
Recall that we are also assuming that the constant, symmetric matrix B
is semipositive, B ≥ 0. Moreover we have
Λω0
(√−1Bijdzi ∧ dzj) = trB = µ ≥ 0.
So all the eigenvalues λi of B satisfy 0 ≤ λi ≤ µ. It follows that we have
in fact
ϕ(y) ≥ ϕ(p)− µ2|y − p|2.
This gives a uniform bound on oscΩ(ϕ) (depending only on n, µ), and so
on supΩ |ϕ|, since we normalised by ϕ(0) = 0.
We have obtained the required a priori bounds on ϕ, and so on F (h),
depending only on f , n, µ. This completes the proof of Proposition 13.
We are in a position to prove Theorem 14. Recall for this result we
have a negative line bundle L, respectively an ample line bundle N on
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X , where L has degree −µ and [ω] = c1(N). We are concerned with the
system {
uijFij(∇u) = kµ
[uij]ij = −4A + 8 αk2µ2 − 8 αk2uijuklFil(∇u)Fkj(∇u).
Here
√−1F is the curvature of a metric on the fibres of L⊗ (k − 1)µN
for some k ≥ 1. We claim that by taking k sufficiently large, depending
only on sup |A|, n, µ, we can find u and F solving the equations.
For the proof it is convenient to work instead with the Q-line bundle
(1− β)L+ β
n
N . Here β is a parameter in the construction, to be chosen
appropriately. At the end of the argument we will see how to obtain from
this a solution on a genuine line bundle. So we have
Fij = (1− β)F˜ij + βµ
n
vij, β ∈ (0, 1) ∩Q
where
√−1F˜ is the curvature of some metric on the fibres of L.
The proof relies on the continuity method. We apply this to the family
of equations, depending on the parameter β, given by
uijFij(∇u) = µ
[uij]ij = −4tA− 4(1− t)
∫
Ω
A(x)dµ(x) + 8αµ2 − 4uijuklFil(∇u)Fkj(∇u)
F > 0,
(5.6)
for t ∈ [0, 1].
When t = 0 a solution of (5.6) is given in complex coordinates by
taking
v(y) =
1
2
|y|2,
Fij = (1− β)Bij + βµ
n
vij > 0
for all β ∈ (0, 1) ∩Q, where B > 0 is a constant symmetric matrix.
We will show in the Appendix that the linearised equations correspond-
ing to the system (5.4) are uniquely solvable. This implies that the set
of times t ∈ [0, 1] for which (5.6) has a solution is open.
We claim that this set is also closed. By Proposition 13 we have a
priori Ck estimates of all orders on solutions of (5.6), as well as on the
positivity of the solution metric g, which only depend on A, n, µ, and
in particular are independent of t ∈ [0, 1]. Then it follows from the
Ascoli-Arzela` Theorem that we can take the limit of a (sub)sequence of
solutions, corresponding to times ti → t ∈ [0, 1] and obtain a solution at
time t.
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It remains to be seen that the positivity condition F > 0 is also closed.
Arguing by contradiction we assume that for the limit solution we have
F ≥ 0 but not F > 0. So we have
(1− β)F˜ij(ξ) + βµ
n
vij(ξ) = 0.
for some unit vector ξ. Recall that F˜ takes the form
F˜ij =
[
1
2
yTBy + ϕ(y)
]
ij
for a periodic function ϕ, so we find
Hess(ϕ)(ξ) = −B(ξ)− β
1− β
µ
n
Hess v(ξ). (5.7)
The equation satisfied by Fij = (1−β)F˜ij+β µnvij in complex coordinates
is
vij
(
(1− β)F˜ij + βµ
n
vij
)
= µ.
It follows that F˜ satisfies the equation
vijF˜ij = µ,
or is terms of ϕ
vijϕij = µ− vijBij.
Recall we are free to normalise ϕ with an additive constant. In particular
we can assume that ϕ is L2-orthogonal with respect to the metric g to
constant functions, that is, to the kernel of the Laplacian ∆g. With this
assumption we have a standard Schauder estimate
||ϕ||C2,δ(Ω) ≤ K2,δ||µ− vijBij ||Cδ(Ω),
where Kk,δ > 0 depends only on ||vij||Cδ(Ω) and the ellipticity constants.
By the proof of Proposition 13 all these quantities, with ||µ−vijBij ||Cδ(Ω),
are uniformly bounded in terms of sup |A|, n, µ, assuming only F ≥ 0
(in particular, independently of t ∈ [0, 1] and β ∈ (0, 1) ∩Q). It follows
that we have a uniform bound on ||ϕ||C2(Ω). But (5.7), together with the
strictly positive uniform lower bound on Hess(v) given by Proposition 13,
implies that Hess(ϕ)(ξ) can be made arbitrarily large by taking β suffi-
ciently close to 1. This is a contradiction, arising from our assumption
that at some time F is only semipositive.
The upshot is that for all rational β sufficiently close to 1, depending
only on sup |A|, n, µ, we have g, F , providing a solution on the Q-line
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bundle (1−β)L+β µ
n
N . In general, if g, F give a solution to the Ka¨hler-
Yang-Mills equations (2.9) on a line bundle, then the same g together
with the rescaled 2-form ρF solve the system{
Λg(ρF ) = ρµI
s(g) + α
ρ2
Λ2g((ρF ) ∧ (ρF )) = λ.
We apply this simple consideration to our solution g, F above, choos-
ing β = 1 − 1
k
for sufficiently large k, and with scaling factor ρ = nk.
This yields a solution defined on the fibres of Ln ⊗ (k − 1)µN , and with
parameter α
(nk)2
, as claimed by Theorem 14.
6. Proof of Theorems 15 and 16
In the present context X is the abelian surface C2/(Z2⊕√−1Z2) and
the datum f only depends on a single coordinate, say y1. Equivalently,
its Legendre transform A only depends on x1. The coupled equations
(2.4) are equivalent to the systemIm
(
e−
√−1θˆ det(vij −
√−1Fij)
)
= 0
−1
4
vij[log det(vab)]ij − αRe(e
−√−1θˆ det(vij−
√−1Fij))
det(vab)
= f(y1),
to be solved for matrices v, F of the form
vij =
(
1 + ψ′′(y1) 0
0 1
)
, Fij = F
0
ij + ϕ
′′(y1)δ1iδ1j =
(
a+ ϕ′′(y1) b
b c
)
.
Here we have, a priori, 1 + ψ′′(y1) > 0 , while we are not imposing posi-
tivity conditions on Fij . The phase e
√−1θˆ is determined by the constraint∫
Ω
det(vij −
√−1Fij) ∈ R>0e
√−1θˆ.
We have
det(vij−
√−1Fij) =
(
1−det(F 0)+ψ′′−cϕ′′)−√−1( tr(F 0)+ϕ′′+cψ′′),
so integrating using the periodic boundary conditions shows
e
√−1θˆ =
1− det(F 0)−√−1 tr(F 0)((
1− det(F 0))2 + ( tr(F 0))2)1/2 .
Similarly we have
Im
(
e−
√−1θˆ det(vij −
√−1Fij)
)
= − sin(θˆ) (1− det(F 0)− cϕ′′ + ψ′′)− cos(θˆ) (tr(F 0) + cψ′′ + ϕ′′) ,
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so that the dHYM equation becomes the algebraic identity
ϕ′′ = −sin(θˆ) (1− det(F
0)) + cos(θˆ) tr(F 0) + ψ′′(x)(c cos(θˆ) + sin(θˆ))
cos(θˆ)− c sin(θˆ) .
Using this identity for ϕ′′ gives
Re
(
e−
√−1θˆ det(vij −
√−1Fij)
)
det(vab)
=
b2
(ψ′′ + 1) (cos(θˆ)− c sin(θˆ)) −
c2 + 1
c sin(θˆ)− cos(θˆ) .
On the other hand the scalar curvature is given by
−1
4
vij[log det(vab)]ij = −1
4
(log(1 + ψ′′))′′
1 + ψ′′
,
so that the coupled equations (2.4) become the single nonlinear ODE
−1
4
(log(1 + ψ′′))′′
1 + ψ′′
− αb
2
(ψ′′ + 1) (cos(θˆ)− c sin(θˆ)) +
α(c2 + 1)
c sin(θˆ)− cos(θˆ) = f(y1).
Now consider the Legendre transform of the convex function of a single
variable
1
2
y21 + ψ(y1).
This takes the form
1
2
x21 + φ(x1)
for some periodic φ(x1), and by the standard Legendre property
1 + φ′′(x1) =
1
1 + ψ′′(y1)
together with the one-dimensional case of Abreu’s formula for the scalar
curvature
−1
4
(log(1 + ψ(y1)
′′))′′
1 + ψ(y1)′′
= −1
4
(
1
1 + φ′′(x1)
)′′
we find that the above nonlinear ODE, to which we reduced the coupled
equations (2.4), can be written in terms of φ(x1) as
− 1
4
(
1
1 + φ′′
)′′
− αb
2(1 + φ′′)
cos(θˆ)− c sin(θˆ)+
α(c2 + 1)
c sin(θˆ)− cos(θˆ)−A(x1) = 0, (6.1)
where A(x1) denotes the image of f(y1) under the Legendre transform
diffeomorphism, as usual. We are assuming of course the cohomological
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compatibility condition∫ 1
0
A(x1)dx1 = − αb
2
cos(θˆ)− c sin(θˆ) −
α(c2 + 1)
c sin(θˆ)− cos(θˆ) .
In order to prove the existence of a periodic solution φ, satisfying 1+φ′′ >
0, we argue precisely as in the proofs of Theorems 10 and 14, relying on
the same continuity method and the results of Feng-Sze´kelyhidi. Thus in
order to obtain closedness it is enough to prove that a periodic solution
φ of (6.1), with 1 + φ′′ > 0, would satisfy a priori a uniform C0 bound
on the scalar curvature. Equivalently it is enough to prove a uniform a
priori C0 bound for the quantity∣∣∣∣∣ αb2(1 + φ′′)cos(θˆ)− c sin(θˆ)
∣∣∣∣∣
for a solution of (6.1). But since we have 1 + φ′′ > 0 by assumption, we
only need to show that there is a uniform a priori bound from above,
φ′′ < C. Thus suppose x¯1 is a point at which 1 + φ′′(x1) attains its
maximum. Then at x¯1 the quantity (1 + φ
′′(x1))−1 attains its minimum,
so we have (
1
1 + φ′′(x¯1)
)′′
≥ 0.
Using the equation (6.1) this shows
αb2(1 + φ′′(x¯1))
cos(θˆ)− c sin(θˆ) −
α(c2 + 1)
c sin(θˆ)− cos(θˆ) ≤ −A(x¯1) ≤ sup |A|.
Since we already know 1 + φ′′(x¯1) > 0, and we have α > 0, if we further
assume the condition
b2
cos(θˆ)− c sin(θˆ) > 0
the above inequality immediately gives the required uniform bound φ′′ <
C. But a little computation shows that we have in fact
αb2
cos(θˆ)− c sin(θˆ) =
b2
1 + b2 + c2
(
(1− det(F 0))2 + (tr(F 0))2)1/2
so this quantity is nonnegative, and only vanishes for b = 0, in which
case (6.1) reduces to the (solvable) Abreu equation.
To obtain openness for the continuity method, we need to show that
the operator given by the left hand side of (6.1), mapping Ck,α0 (S
1, dµ) to
dHYM CONNECTIONS AND SCALAR CURVATURE 37
Ck−4,α0 (S
1, dµ), has surjective differential at a solution. The differential
maps φ˙ to L
(
φ˙′′
(1+φ′′)2
)
, where we set, for any β ∈ Ck,α(S1, dµ),
L(β) =
1
4
β ′′ − αb
2(1 + φ′′)2β
cos(θˆ)− c sin(θˆ) .
The operator L acting on Ck,α(S1, dµ) is formally self-adjoint and has
trivial kernel by the condition αb
2
cos(θˆ)−c sin(θˆ) > 0. Thus the equation
L(β) = γ is uniquely solvable for all periodic γ, and if γ ∈ Ck−2,α0 (S1, dµ)
the unique solution β ∈ Ck,α(S1, dµ) satisfies ∫ (1+φ′′)2β = 0, so in turn
the equation φ˙
′′
(1+φ′′)2 = β is solvable.
Theorem 16 follows from similar arguments. The large and small radius
limit equations are given by{
vijFij = µ
−1
4
vij[log det(vab)]ij − 2αvijvklFilFkj + 2αµ2 = f(y1),
respectively {
F ijvij = κ
−1
4
vij[log det(vab)]ij − αdet(Fab)det(vab) = f(y1),
where
µ = tr(F 0), κ =
tr(F 0)
det(F 0)
.
In both cases, the HYM (i.e. Poisson) equation and the J-equation can
be solved explicitly, giving the identities
ϕ′′ = aψ′′,
respectively
ϕ′′ =
c det(F 0)
b2 + c2
ψ′′.
Using these identities, we find that the large radius limit becomes the
nonlinear ODE
−1
4
(log(1 + ψ′′))′′
1 + ψ′′
− 2α(a2 + c2)− 4αb
2
1 + ψ′′(x)
+ 2α(tr(F 0))2 = f(y1),
and similarly the small radius limit becomes
−1
4
(log(1 + ψ′′))′′
1 + ψ′′
− αb
2 det(F 0)
(b2 + c2) (1 + ψ′′(x))
− αc
2 det(F 0)
b2 + c2
= f(y1).
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Taking the Legendre transform 1
2
x21 + φ of the convex function
1
2
y21 + ψ,
we obtain the ODE
−1
4
(
1
1 + φ′′(x1)
)′′
−2α(a2+c2)−4αb2(1+φ′′(x))+2α(tr(F 0))2 = A(y1),
respectively
−1
4
(
1
1 + φ′′(x1)
)′′
− αb
2 det(F 0) (1 + φ′′(x))
(b2 + c2)
− αc
2 det(F 0)
b2 + c2
= A(y1).
We can now apply the same maximum principle argument used in the
proof of Theorem 15, to conclude that the large radius limit equations
are solvable provided the condition
αb2 > 0
is satisfied, and the same holds for the small radius limit equations under
the condition
αb2 det(F 0)
(b2 + c2)
> 0.
Of course the large radius limit condition holds unless b = 0, in which
case we reduce to the (solvable) Abreu equation. On the other hand the
small radius limit condition det(F 0) > 0 does give a nontrivial constraint.
Finally, let us prove Proposition 17. Recall that in the proof of The-
orem 15 we reduced the coupled equations (2.4) to the single nonlin-
ear ODE (6.1) for the Legendre transform 1 + φ′′(x1). We only need
to show that if A(x1) is real analytic, then so is 1 + φ
′′(x1). Setting
U(x1) = (1 + φ
′′(x1))−1, (6.1) is equivalent to the system{
U ′ = V,
V ′ = −
(
4αb2
cos(θˆ)−c sin(θˆ)
)
1
U
− 4α(c2+1)
c sin(θˆ)−cos(θˆ) − 4A(x1).
If (U, V ) is a solution with U > 0 and A(x1) is real analytic, it follows
from the Cauchy-Kovalevskaya Theorem that U, V are also real analytic.
The solution constructed in Theorem 15 satisfies U > 0, so Proposition
17 follows.
Appendix A. Linearised equations
This Appendix studies the linearisation of the Ka¨hler-Yang-Mills equa-
tions formulated in symplectic coordinates on a torus. In particular we
prove that these linearised equations correspond to a scalar linear differ-
ential operator which has trivial kernel and is formally self-adjoint, with
respect to the Lebesgue measure.
dHYM CONNECTIONS AND SCALAR CURVATURE 39
Thus we consider the system (5.4), replacing the datum A with At =
tA+ (1− t) ∫
Ω
A(x)dµ(x) for t ∈ [0, 1]. In complex coordinates
Fij(y) = Bij + ϕij(y), (A.1)
where Bij denotes a constant symmetric matrix; using this notation, the
system (5.4) in symplectic coordinates has the form:
uijBij + ∂iu
ij∂jϕ = µ
[uij]ij + (∂i(u
lmϕm))(∂l(u
inϕn))
+BikBjluijukl + 2(∂j(u
knϕn))uklBjl + At = 0,
(A.2)
where, with a small abuse of notation, ϕ denotes also the Legendre trans-
form of the function in (A.1). In order to study the linearization of (A.2),
we consider the linear operator L(u˙) associated to the second equation,
which has the form
L(u˙) =− ∂2ij(uiau˙abubj) + 2(∂i(ulmϕ˙(u˙)m))(∂l(uinϕn))
− 2(∂i(ulau˙abubmϕm))(∂l(uinϕn)) + 2BikBjlu˙ijukl
+ 2(∂j(u
knϕ˙(u˙)n))uklBjl + 2(∂j(u
knϕn))u˙klBjl
− 2(∂j(ukau˙abubnϕn))uklBjl,
(A.3)
where ϕ˙(u˙) is the unique solution of the linearization of the first equation
in (A.2):
u˙ijBij +∆ϕ˙− ∂i(uiau˙abubjϕj) = 0 (A.4)
with the normalization
∫
X
ϕ˙dµ = 0 and with ∆ = ∂iu
ij∂j . In order
to prove that the operator L : CN,α0 (T
n) → CN−4,α0 (T n), at a solution
of (A.2), is invertible for a sufficently large N ∈ N and 0 < α < 1, is
enough to show that L is injective and formally self-adjoint with respect
to the L2-product define by the volume form dµ. Then, by the implicit
function theorem, if we have a smooth solution of (A.2) for t¯ ∈ [0, 1], there
exist CN,α solutions for t¯ + ε, with ε << 1. By standard bootstraping
technique, these solutions are actually smooth.
We prove that, for any γ, ξ ∈ CN,α0 (T n) with N >> 1,
∫
X
ξL(γ) =∫
X
γL(ξ), omitting in the following the volume form, in order to ease the
notation. We split L(γ) = L0(γ) + L1(ϕ˙(γ)), with
L0(γ) =− ∂2ij(uiaγabubj) + 2(∂j(uknϕn))γklBjl
− 2(∂i(ulaγabubmϕm))(∂l(uinϕn)) + 2BikBjlγijukl
− 2(∂j(ukaγabubnϕn))uklBjl,
(A.5)
L1(γ) = + 2(∂j(u
knϕ˙(γ)n))uklBjl + 2(∂i(u
lmϕ˙(γ)m))(∂l(u
inϕn)). (A.6)
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We will show that∫
X
(ξL0(γ)− γL0(ξ)) = −
∫
X
(ξL1(γ)− γL1(ξ)) .
At a solution of (A.2), integrating by parts, we get the following identities
for the different terms of
∫
X
ξL0(γ):∫
ξ∂2ij(u
iaγabu
bj) =
∫
γ∂2ij(u
iaξabu
bj);∫
ξγklBjl∂j(u
knϕn) =
=
∫
ξkju
knϕnγlBjl +
∫
ξku
knϕnγljBlj −
∫
ξγlBjl∂j∆ϕ;∫
ξ(∂i(u
laγabu
bmϕm))(∂l(u
inϕn)) =∫
ξiu
inϕn∂j(u
jaγabu
blϕl)−
∫
γbu
bmϕm∂j(u
jaξabu
blϕl)
+
∫
γ(ulaξabu
bmϕm)∂l(∆ϕ)−
∫
ξ(ulaγabu
bmϕm)∂l(∆ϕ)
+
∫
γ∂a(u
bmϕm)∂b(u
alξliu
inϕn);∫
ξBikBjlγijukl =∫
γBikBjluklξij +
∫
γBikBjlukljξi −
∫
ξBikBjlukliγj;∫
ξuklBjl∂j(u
kaγabu
bnϕn) =∫
γbu
bnϕnξjaBja −
∫
γξjbBja∂a(u
bnϕn)−
∫
γξjBja∂a∆ϕ
+
∫
ξγbu
bnϕnu
ka
a ujklBjl +
∫
ξukaujklBljγb∂a(u
bnϕn)
+
∫
ξγbu
kaubnϕnujklaBlj −
∫
γξau
ka
b u
bnϕnujklBlj
−
∫
γξau
kaujklBlj∆ϕ−
∫
γubnϕnξau
akujklbBlj
+
∫
(∂j(u
kaξabu
bnϕn))uklBljγ +
∫
ξabu
kaubnϕnuklBljγj .
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Hence, after several cancellations, we get
−
∫
X
ξL0(γ) +
∫
X
γL0(ξ) =
=
∫
ξiu
inϕn∂j(u
jaγabu
blϕl)︸ ︷︷ ︸
(i)
−
∫
(γbu
bmϕm)∂j(u
jaξabu
blϕl)︸ ︷︷ ︸
(ii)
+
∫
ξjaBjaγbu
bnϕn︸ ︷︷ ︸
(iii)
−
∫
γjaBjaξbu
bnϕn︸ ︷︷ ︸
(iv)
.
Consider now (i) and (iv); using (A.4), we get:∫
ξiu
inϕn(∂j(u
jaγabu
blϕl)− γjaBja)
=
∫
ξiu
inϕn∆ϕ˙(γ)
= −
∫
uknϕ˙(γ)nξi∂k(u
inϕn)−
∫
ϕ˙(γ)nu
knξiku
imϕm
=
∫
ξ(∂i(u
knϕ˙(γ)n))(∂k(u
inϕn)) +
∫
ξuknϕ˙(γ)n∂k∆ϕ
−
∫
ϕ˙(γ)nu
knξiku
imϕm
=
∫
ξ(∂i(u
knϕ˙(γ)n))(∂k(u
inϕn)) +
∫
ϕ˙(γ)∂n(u
nkξkiu
imϕm)
−
∫
ϕ˙(γ)nu
knξuklmBlm
=
∫
ξ(∂i(u
knϕ˙(γ)n))(∂k(u
inϕn)) +
∫
ϕ˙(γ)∂n(u
nkξkiu
imϕm)
+
∫
ξ(∂m(u
knϕ˙(γ)n))uklBlm +
∫
ξmϕ˙(γ)nBnm
=
∫
ξ(∂i(u
knϕ˙(γ)n))(∂k(u
inϕn)) +
∫
ξuklBlm∂m(u
knϕ˙(γ)n)
+
∫
ϕ˙(γ)∆ϕ˙(ξ) .
Notice that the first two terms coincide with
∫
X
ξL1(γ), while the third
one is symmetric in ξ and γ. An identical computation for (ii) and (iii)
shows that L is formally self-adjoint.
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A similar argument using repeated integration by parts proves that∫
X
γL(γ) ≤ 0, with ∫
X
γL(γ) = 0 if and only if γ = 0, so that L has
trivial kernel.
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